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PERIODIC POINT FREE HOMEOMORPHISMS AND
IRRATIONAL ROTATION FACTORS
ALEJANDRO KOCSARD
Abstract. We provide a complete characterization of periodic point free
homeomorphisms of the 2-torus admitting irrational circle rotations as topo-
logical factors. Given a homeomorphism of the 2-torus without periodic points
and exhibiting uniformly bounded rotational deviations with respect to a ratio-
nal direction, we show that annularity and the geometry of its non-wandering
set are the only possible obstructions for the existence of an irrational circle
rotation as topological factor. Through a very precise study of the dynamics of
the induced ρ-centralized skew-product, we extend and generalize considerably
previous results of Ja¨ger [Ja¨g09].
1. Introduction
The principal aim of this work consists in giving a complete characterization of
those homeomorphisms of the two-dimensional torus T2 that admit an irrational
circle rotation as topological factor. These topological factors, that will be called ir-
rational circle factors for short, are extremely useful in the dynamical study of these
homeomorphisms because they determine an invariant cyclic order on the system.
In fact, the partition of the torus T2 given by the fibers of the semi-conjugacy map
is invariant by the dynamics and all the atoms of the partition have a well-defined
rational homological direction, forming an interesting invariant geometric structure
that we called torus pseudo-foliation in [KPR18]. Just to mention an application
of these irrational circle factors, and the pseudo-foliations that they generate, let
us say they played a key role in recent progresses [Koc16, KPS16, PS18] on the so
called Franks-Misiurewicz conjecture [FM90, Conjecture].
Regarding necessary conditions for the existence of an irrational circle factor,
the first one we encounter is the so called bounded rotational deviations. In fact, if
g : T “ R{Z ý is an arbitrary orientation preserving circle homeomorphism and
g˜ : R ý is a lift of g, its rotation number ρpg˜q P R can be characterized as the only
real number such that
|g˜npxq ´ x ´ nρpg˜q| ď 1, @x P R, @n P Z.
This property implies (see for instance [JT17, Lemma 3.1]) that if f : T2 ý
is an orientation preserving homeomorphism admitting an irrational circle factor,
then there exist a rational slope vector v P R2zt0u and a positive constant C “
Cp f , vq ą 0 such that for any lift f˜ : R2 ý of f , there is an irrational number
ρ “ ρp f˜ , vq P RzQ satisfying
(1)
∣
∣
@
f˜ npzq ´ z, v
D
´ nρ
∣
∣ ď C, @z P R2, @n P Z.
So, it is natural to ask whether estimate (1) is also sufficient to guarantee the
existence of an irrational circle factor.
It is known that this question has a positive answer in some particular cases. For
instance, as a rather straightforward consequence of classical Gottschalk-Hedlund
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theorem [GH55], one can show that any minimal torus homeomorphism verifying (1)
necessarily admits an irrational circle factor. A much subtler positive result is due to
Ja¨ger [Ja¨g09, Theorem C], who showed that any area-preserving totally irrational
pseudo-rotation of T2 that exhibits uniformly bounded rotational deviations in
any direction (i.e. its rotation set reduces to a single point ρ˜ P R2, where the
corresponding rotation on T2 induced by ρ˜ is minimal, and condition (1) holds for
every v P R2zt0u) is a topological extension of a totally irrational (i.e. minimal)
translation of T2, where this semi-conjugacy is constructed as the combination of
two “transversal” irrational circle factors. For some time these were the only known
positive results. At this point it is interesting to remark that Wang and Zhang have
recently proved in [WZ18] the existence of a C8 area-preserving diffeomorphism of
T2 which is a topological extension of a rigid rotation, but it is not conjugate to it.
On the other hand, Ja¨ger and Tal have shown in [JT17, §4] that boundedness of
rotational deviations (i.e. estimate (1) holds) does not in general imply the existence
of an irrational circle factor for homeomorphisms of the closed annulus T ˆ r0, 1s.
Consequently, annularity could be an obstruction for the existence of such factors
for homeomorphisms of T2 (see §2.6 for precise definitions and details).
In §3 we will see that the existence of wandering points may be also another
obstruction for the existence of irrational circle factors for periodic point free home-
omorphisms satisfying (1). In fact, we will see that the topology and geometry of
the wandering set play a determinant role in the existence of irrational circle factors
(see Definition 2.3 for details).
The main purpose of this work consists in getting a complete characterization
of possible obstructions for the existence of such topological factors, showing that
annularity and the existence of “large connected components of wandering points”
are the only ones. More precisely, our main result is the following
Theorem A. Let f P Homeo`pT
2q be an orientation preserving, non-eventually
annular homeomorphism having small wandering domains. Then, f admits an
irrational circle rotation as topological factor if and only if there exists v P R2zt0u
with rational slope so that f exhibits uniformly bounded rotational v-deviations, i.e.
given any lift f˜ : R2 ý, there exist ρ P RzQ and C ą 0 such that
(2)
∣
∣x f˜ npzq ´ z, vy´ nρ
∣
∣ ď C, @z P R2, @n P Z.
Here small wandering domains means that all connected components of the
wandering set are homotopically trivial in T2 and their diameters are eventually
small (see Definition 2.3 for details). It is important to remark that Ja¨ger and Tal
have proved this result under the area-preserving assumption [JT17, Theorem 1.1].
On the other hand, let us observe that a homeomorphism admitting a periodic
point free factor must be periodic point free itself. So this imposes some restrictions
to the possible isotopy classes of the torus homeomorphism (see Proposition 2.4 for
details).
As consequence of Theorem A, we get the following extension of Ja¨ger’s main
result of [Ja¨g09]:
Corollary 1.1. If f : T2 ý is a totally irrational pseudo-rotation exhibiting uni-
formly bounded rotational deviations and having small wandering domains (e.g. f
is non-wandering), then f is a topological extension of the corresponding minimal
rigid translation of T2.
Another consequence of Theorem A is the following
Corollary 1.2. If f P HomeopT2q is isotopic to the k-Dehn twist Ik, with k ‰ 0 (see
(12) for definition), and has small wandering domains, then f admits an irrational
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rotation as topological factor if and only if given any a lift f˜ : R2 ý of f , there exist
ρ P RzQ and C ą 0 such that
(3)
∣
∣pr2
`
f˜ npzq ´ z
˘
´ nρ
∣
∣ ď C, @z P R2, @n P Z,
where pr2 : R
2 Q px, yq ÞÑ y.
Let us finish this introduction remarking that putting together our results with
some recent ones due to Hauser and Ja¨ger [HJ17], one can completely characterize
those periodic point free homeomorphisms of T2 that admits non-trivial Kronecker
factors. In fact, a Kronecker system is nothing but a translation on a compact
abelian topological group. Its mixed algebro-topological nature endowed the system
with a rich variety of structures and allows us to combine different techniques (e.g.
metric geometry, character theory) to study its dynamical and ergodic properties.
So, it is not surprising at all that the problem of determining the existence of non-
trivial Kronecker factors is a very important one in topological and differentiable
dynamics.
Since any closed subsystem (i.e. the restriction of the dynamics to a closed invari-
ant subset) of a Kronecker one is (conjugate to a) Kronecker itself, then in general
one just considers minimal Kronecker factors and by non-trivial Kronecker system
we mean a minimal one which does not reduce to a point (see [Tao09, §2.6] for a
very nice exposition about Kronecker systems).
As the reader may be expecting, any non-trivial Kronecker factor of a torus
homeomorphism is in fact a minimal torus translation and the semi-conjugacy map
cannot increases the dimension. However this result is not completely straight-
forward and has just been proven by Hauser and Ja¨ger [HJ17] (see Theorem 2.9)
in dimension 2 and by Edeko [Ede19] in higher dimensions. So, a non-trivial Kro-
necker factor of a 2-torus homeomorphism can be either an irrational circle rotation
or a totally irrational, i.e. minimal, 2-torus rotation; but the second case can be
performed as the combination of two “transversal”circle factors (see §4 for details),
so this is the reason we just focus on the existence of irrational circle factors.
1.1. Strategy of the proofs for the main results. In §4 we prove Corollaries
1.1 and 1.2 assuming Theorem A.
The proof of the main result of the paper, Theorem A, is performed in §§5 and
6. In §5 we introduce the ρ-centralized skew-product, which is a slight modification
of similar constructions we performed in [KPR18, Koc16], but adapted to a more
general context. In that section we we make a very detailed study of the dynamics of
these ρ-centralized skew-products, showing the following results: in Proposition 5.4
we prove that an orbit of the original homeomorphism exhibits bounded rotational
deviations if and only if the corresponding orbits of the ρ-centralized skew-product
are bounded. Then, in Theorem 5.5 we characterize the non-wandering set of the
ρ-centralized skew-product showing, for instance, that this skew-product is non-
wandering if and only if the original homeomorphism if non-wandering. Then, in
Theorem 5.6 we study the topology of open bounded connected invariant sets of the
ρ-centralized skew-product showing that, under the hypotheses of Theorem A, their
complements have two unbounded connected components on each fiber. Finally, in
§ 6 we finish the proof of Theorem A, showing that the boundaries of some bounded
connected open sets which are invariant under the ρ-centralized skew-product can be
used to construct the fibers of the semi-conjugacy of the original homeomorphism.
Acknowledgments. The author would like to thank Tobias Ja¨ger and Andre´s
Koropecki for several useful discussions and to the anonymous referees for their
criticisms that helped to improved the readability of the paper.
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2. Preliminaries and notations
2.1. General topological dynamics. Throughout this article, pM, dq will denote
an arbitrary complete metric space. The (open) ball of radius r ą 0 centered at
x P M will be denoted by Brpxq. Given any A Ă M, we write BX A for the boundary
of A in X, and A for its closure; its diameter is given by
diam A :“ suptdpx, yq : x, y P Au.
We say A is bounded when diam A is finite.
If A is connected, we write ccpM, Aq for the connected component of M contain-
ing A. As usual, we write pi0pMq to denote the set of connected components of the
space M.
The group of self-homeomorphisms of M will be denoted by HomeopMq. We
shall write Homeo0pMq for the subgroup of homeomorphisms of M which are ho-
motopic to the identity.
Given any f P HomeopMq, we define its support as the closed set
(4) supp f :“ tx P M : f pxq ‰ xu.
When M and N are two topological spaces, we say that f P HomeopMq is a
topological extension of g P HomeopNq when there exists a surjective continuous
map h : M Ñ N such that h ˝ f “ g ˝ h. In such a case, we say that g is a topological
factor of f and the map h is called a semi-conjugacy. A fiber of the semi-conjugacy
is the pre-image by h of any point of N. The set of maps that are a semi-conjugacy
between f and g will be denoted by SCp f , gq, i.e. it is defined by
(5) SCp f , gq :“
!
h1 P C0pM, Nq : h1pMq “ N, h1 ˝ f “ g ˝ h1
)
.
Whenever M1, M2, . . . , Mn are arbitrary sets, we shall use the generic notation
pri : M1ˆ M2 ˆ . . .ˆ Mn Ñ Mi to denote the i
th-coordinate projection map. Simi-
larly, when A is a subset of M1 ˆ M2 ˆ . . .ˆ Mn and x P M1 is an arbitrary point,
we write Ax to denote the “the fiber of A over x” given by
(6) Ax :“ tpx2, . . . , xnq P M2 ˆ . . .ˆ Mn : px, x2, . . . , xnq P Au.
2.1.1. Recurrent and non-wandering points. Let f P HomeopMq be any homeo-
morphism. A point x P M is said to be recurrent when there exists an increasing
sequence of positive integers pnjqjě1 such that f
njpxq Ñ x, as j Ñ 8. An open
subset U Ă M is said to be a wandering set (for f ) when f npUqXU “ H, for every
n P Zzt0u. A point x P M is called non-wandering when no neighborhood of x is
wandering. The non-wandering set of f , i.e. the set of non-wandering points, shall
be denoted by Ωp f q; its complement, called the wandering set of f , will be denoted
by W p f q :“ MzΩp f q.
When M is locally connected, each connected component of W p f q is called a
wandering domain. Finally, we say f is non-wandering when Ωp f q “ M. We will
need a new notion which is stronger than non-wandering:
Definition 2.1. A homeomorphism f : M ý is said to be Ω-recurrent when for
every open subset U Ă M satisfying U XΩp f q ‰ H, there is n ě 1 such that
U X f´npUq XΩp f q ‰ H.
Our main interest in this notion is due to the following elementary
Lemma 2.1. Let M be a complete metric space and f : M ý be an Ω-recurrent
homeomorphism.
Then, recurrent points are dense within the set Ωp f q.
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Proof. Let x be any non-wandering point and U an arbitrary open neighborhood
of x. Without loss of generality, we can assume U is bounded in M. Then we
will inductively defined a sequence of nested open sets tUkukě0 and an increasing
sequence of positive integers tnkukě0 as follows: first, let us define U0 :“ U. Then,
assuming k ě 1 and Uk´1 has already been defined, we write
(7) nk´1 :“ min
 
n ě 1 : Uk´1 X f
´npUk´1q XΩp f q ‰ H
(
.
Then, we define Uk as any open set satisfying the following properties:
Uk Ă Uk´1 X f
´nk´1pUk´1q,
Uk XΩp f q ‰ H,
diampUkq ă diampUk´1q{2.
Observe that, since f is Ω-recurrent, Uk´1 is open and Ωp f q is closed, such an
open set Uk does exists and the natural number given by (7) is well defined.
By our hypothesis about the diameter of the sets Uk, it follows there is a unique
point y such that
tyu “
8č
k“0
Uk “
8č
k“0
Uk,
and we claim y is a recurrent point. In fact, y P Uk`1 Ă Uk X f
´nkpUkq, for every
k ě 0, and hence
dp f nkpyq, yq ď diamUk Ñ 0, as k Ñ8.
On the other hand, by the very same definition it holds nk ě nk´1, for very k ě 1.
This implies y is a recurrent point and y P U. So, recurrent points are dense among
non-wandering points. 
2.1.2. Minimal systems. Let M be a compact metric space, f : M ý an arbitrary
homeomorphism and K Ă M be an f -invariant nonempty compact set. We say
that K is a minimal set (for f ) when K and the empty set are the only f -invariant
compact subsets of K. When M itself is a minimal set, we say that f is a minimal
system or a minimal homeomorphism.
2.1.3. Proximality relations. If f : M ý is a homeomorphism of the complete metric
space pM, dq, we say that two points x, y P M are f -proximal when
(8) inf
 
d
`
f npxq, f npyq
˘
: n ě 1
(
“ 0.
Analogously we can define the notion of f´1-proximality. Notice that, in general,
these two notions do not coincide.
2.2. Orbits of open sets. Let M be an arbitrary locally connected complete
metric space and f : M ý be an arbitrary homeomorphism. Given any nonempty
connected open set V, following Koropecki and Tal [KT14] we define
(9) U f pVq :“ cc
ˆ ď
nPZ
f n
`
V
˘
,V
˙
,
where ccp¨, ¨q denotes the connected component as defined at the beginning of §2.1.
Notice that there exists N ě 1 such that f N
`
U f pVq
˘
“ U f pVq if and only if V is
not a wandering set.
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2.3. Kronecker factors. Let pG,`q denote an abelian group. For each a P G, let
us consider the translation Ta P HomeopGq given by Ta : G Q g ÞÑ g ` a. When
pG,`q is an abelian compact group, any such map is called a Kronecker system.
Remark 2.2. For the sake of simplicity of notations, given E Ă G and a P G
sometimes we shall write E` a to denote TapEq.
All orbit closures of a Kronecker system are (topologically conjugate to) a Kro-
necker subsystem themselves. So, there is no significant loss of generality just
considering minimal Kronecker systems.
We will say Ta : G ý is a non-trivial Kronecker system when Ta is minimal and
G is not just a singleton.
By classical arguments one can easily show that any compact abelian group G
admits a compatible distance dG which is invariant by any translation, i.e. every
Kronecker system is an isometry of pG, dGq. In particular this implies that any
Kronecker system is equicontinuous (i.e. the family of its iterates is equicontinuous)
when G is endowed with an arbitrary compatible metric.
Reciprocally, it can be shown that any minimal equicontinuous homeomorphism
of an arbitrary compact metric space is topologically conjugate to a minimal Kro-
necker system (see for instance [Tao09, Proposition 2.6.7] for details).
Given a homeomorphism of a compact metric space f : M ý, a Kronecker factor
of f will be a Kronecker system Ta : G ý which is a topological factor of f , i.e.
there exists a surjective continuous map h : M Ñ G satisfying h ˝ f “ Ta ˝ h.
We will need the following
Definition 2.2. Let M be a compact metric space and f : M ý be a homeomor-
phism. We say that two points x, y P M are Kronecker equivalent for f if their
images coincides under any semi-conjugacy of a Kronecker factor, i.e. for every
Kronecker factor Ta : G ý of f and any h P SCp f , Taq, it holds hpxq “ hpyq (see (5)
for this notation).
On the other hand, we say that x and y are Kronecker separated if and only
if hpxq ‰ hpyq, for every non-trivial Kronecker factor Ta : G ý and every h P
SCp f , Taq.
Remark 2.3. Notice that, if f : M ý is as in Definition 2.2, then two points x, y P M
which are either f -proximal or f´1-proximal are necessarily Kronecker equivalent.
2.4. Tori and torus homeomorphisms. We will always consider Rd endowed
with the Euclidean inner product xv,wy :“
řd
i“1 viwi and the induced Euclidean
norm }v} :“
a
xv, vy.
As usual, the d-torus Rd{Zd will be denoted by Td and we write pi : Rd Ñ Td
for the canonical quotient projection. Notice we are using the same letter pi to the
denote the torus universal covering map independently of its dimension.
We shall always assume Td endowed with the distance function dTd given by
(10) dTdpx, yq :“ min
!
}x˜ ´ y˜} : x˜ P pi´1pxq, y˜ P pi´1pyq
)
, @x, y P Td.
An open set D Ă Rd is called a fundamental domain for the covering pi : Rd Ñ Td
when pi is injective on D and pi
`
D
˘
“ Td.
As a particular case of Kronecker systems we have torus translations Tα : T
d
ý,
with α P Td. By some abuse of notation and for the sake of simplicity, if α P Rd,
we shall just write Tα to denote Tpipαq.
A vector α P Rd is called rational when α P Qd; otherwise, it is called irrational.
Moreover, it is called totally irrational when the translation Tα : T
d
ý is minimal.
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It is well known that given any f P HomeopTdq, there exists a unique matrix
A f P GLpd,Zq such that the map
(11) ∆ f˜ :“ f˜ ´ A f : R
d Ñ Rd
is Zd-periodic, for any lift f˜ : Rd ý of f ; and hence the function ∆ f˜ can be con-
sidered as an element of C0pTd,Rdq. The matrix A f is nothing but a matrix rep-
resentation of the action induced by f on the first homology group of Td, and one
can easily check that two homeomorphisms f , g P HomeopTdq are homotopic if and
only if A f “ Ag.
Finally, given any k P Z, we write
(12) Ik :“
ˆ
1 k
0 1
˙
P SLp2,Rq,
and define
(13) HomeokpT
2q :“
!
f P HomeopT2q : A f “ Ik
)
.
2.4.1. Rotation set and rotation vectors. We writeHomeo0pT
dq to denote the group
of torus homeomorphisms which are homotopic to the identity.
After Misiurewicz and Ziemian [MZ89], given any lift f˜ : Rd ý of a homeomor-
phism f P Homeo0pT
dq one defines the rotation set of f˜ by
(14) ρp f˜ q “
č
mě0
ď
něm
"
f˜ npzq ´ z
n
: z P Rd
*
“
č
mě0
ď
něm
#
∆ f˜ npzq
n
: z P Td
+
,
where ∆ f˜ is the displacement function given by (11). It can be easily shown that
the rotation set ρp f˜ q is always nonempty, compact and connected.
For d “ 1, by classical Poincare´ theory [Poi80] of circle homeomorphisms we
know that ρp f˜ q is always a singleton and its class modulo Z depends just on f and
not on the chosen lift. So, in such a case one can define ρp f q :“ pipρp f˜ qq P T.
In higher dimensions, in general, the rotation set is not singleton. So, we will
say that f P Homeo0pT
dq is a pseudo-rotation whenever ρp f˜ q is a singleton for
some, and hence any, lift f˜ : Rd ý of f ; and f is said to be a totally irrational
pseudo-rotation when ρp f˜ q reduces to a point which is a totally irrational one.
On the other hand, given an f -invariant Borel probability measure µ one can
define the µ-rotation vector of f˜ by
(15) ρµp f˜ q :“
ż
Td
∆ f˜ dµ,
where ∆ f˜ is the displacement function given by (11). By classical convexity argu-
ments and Birkhoff ergodic theorem it can be easily checked that
Conv
`
ρp f˜ q
˘
“
 
ρµp f˜ q : µ PMp f q
(
,
where Mp f q is the space of f -invariant Borel probability measures and Convp¨q
denotes the convex hull operator.
For d “ 2, Misiurewicz and Ziemian [MZ89, Theorem 3.4] showed that the
rotation set is convex indeed, so it coincides with the set of rotation vectors of
measures.
On the other hand, when f P HomeokpT
2q with k ‰ 0, one cannot define the
rotation set as above, but at least one can define the vertical rotation set as in
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[Doe97, DM97, AZ05], given by
(16) ρVp f˜ q “
č
mě0
ď
něm
"
pr2
`
f˜ npzq ´ z
˘
n
: z P R2
*
Ă R,
where f˜ : R2 ý is any lift of f . Analogously, for any µ P Mp f q one defines its
vertical rotation number by
ρµ,Vp f˜ q :“
ż
T2
pr2 ˝ ∆ f˜ dµ.
2.4.2. Dimension two. Let us fix some especial notations for the two-dimensional
case. Given any v “ pa, bq P R2, we define vK :“ p´b, aq. A vector v P R2zt0u
is said to have rational slope when there is λ P Rzt0u such that λv P Z2; and
irrational slope otherwise.
We write A :“ T ˆ R for the open annulus. We consider the covering maps
p˜i : R2 Ñ A and pˆi : A Ñ T2 given by the natural quotient projections
p˜i : R2 Q px˜, y˜q ÞÑ
`
x˜ `Z, y˜
˘
P A,(17)
pˆi : A Q px, y˜q ÞÑ
`
x, y˜`Z
˘
P T2.(18)
Observe that pi “ pˆi ˝ p˜i : R2 Ñ T2.
We will always considered A endowed with the distance function dA given by
dApzˆ0, zˆ1q :“ min
!
}z˜1 ´ z˜0} : z˜i P p˜i
´1pzˆiq, i “ 0, 1
)
,
for every zˆi P A and i “ 0, 1.
For each s P R, we define Tˆs P Homeo0pAq by Tˆs : px, y˜q ÞÑ px, y˜` sq.
If S is any surface, by a topological disk in S we mean an open subset of S which
is homeomorphic to the unit disc tz P R2 : }z} ă 1u. Analogously, a topological
annulus is an open subset of S which is homeomorphic to A.
If U Ă T2 is an open nonempty set, let us consider the group homomorphism
induced by the inclusion on first homology groups i : H1pU,Zq Ñ H1pT
2,Zq. The
set U is said to be inessential when i “ 0, and essential otherwise. The set U is
called annular when the image of i has rank 1 and fully essential when its rank is
equal to 2, i.e. when i is surjective.
Analogously, a nonempty open set U Ă A is said to be inessential when the
inclusion morphism i : H1pU,Zq Ñ H1pA,Zq is identically zero; and it is said to
be annular otherwise.
An arbitrary subset E of either T2 or A is said to be inessential when there
exists an inessential open set U containing E; otherwise, is said to be essential.
A compact connected subset C Ă T2 is called an annular continuum when its
complement T2zC is homeomorphic to A. On the other hand, we say that a
set C Ă A is an essential annular continuum when it is compact, connected and
AzC has exactly two connected components, which will be denoted by U`pCq and
U´pCq, and they are characterized by the fact that there is a real number K ą 0
such that T ˆ pK,`8q Ă U`pCq and T ˆ p´8,´Kq Ă U´pCq.
The filling of an inessential open subset U of T2 is defined as the union of U with
all the inessential connected components of its complement, and will be denoted by
FillpUq. Notice that FillpUq is an open inessential subset itself.
A connected open set U Ă T2 (U Ă A, respectively) is said to be lift-bounded
when every connected component of pi´1pUq (p˜i´1pUq, respectively) is bounded in
R2; and it is called lift-unbounded otherwise. Notice that every lift-bounded set is
necessarily inessential, but there do exist open inessential lift-unbounded subsets of
T2 and A.
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The main reason why we are interested in the spaces HomeokpT
2q of homeomor-
phisms given by (13) is given by the following
Proposition 2.4. If f : T2 ý is an orientation preserving fixed point free home-
omorphism, then there exists a unique k P Z such that f is topologically conjugate
to an element of HomeokpT
2q.
Proof. This is a straightforward consequence of Lefschetz fixed point theorem. In
fact, if f is orientation preserving and has no fixed point, then it must hold
0 “ Lp f q “
2ÿ
i“0
p´1qitrp f‹,i : HipT
2,Qq ýq “ 2´ trp f‹,1 : H1pT
2,Qq ýq,
where Lp f q denotes the Lefschetz number of f . But the matrix A f P SLp2,Zq
is a representative of f‹,1, and hence, 1 is the only eigenvalue of the matrix A f .
If A f “ I0, i.e. is A f is the identity, we are done; if not, kerpA f ´ I0q is a one-
dimensional space, and since the matrix A f ´ I0 has integer coefficients, this space
is generated by a vector pa, cq P Z2, with gcdpa, cq “ 1. So, there exists b, d P Z
such that ad´ bc “ 1 and this implies the matrix
B “
ˆ
a b
c d
˙
P SLp2,Zq,
and B´1A f B “ Ik, for some k P Z. Then, the linear map B induces (i.e. is the
lift to R2 of) a Lie group automorphism B¯ : T2 ý, and one can easily check that
B¯´1 ˝ f ˝ B¯ P HomeokpT
2q. 
Let us recall a classical result about fixed point free plane homeomorphisms due
to Brouwer:
Theorem 2.5 (Brouwer’s translation theorem, see [Fat87]). Let f : R2 ý be an
orientation preserving homeomorphism such that Fixp f q “ H. Then, every x P R2
is wandering for f , i.e. Ωp f q “ H.
If f P HomeopT2q and x P Ωp f q, following Koropecki and Tal [KT14] we say
that x is inessential when there exists ε ą 0 such that the open set U f
`
Bεpxq
˘
,
given by (9), is inessential; otherwise is said to be an essential point. Moreover, x is
said to be a fully essential point when U f
`
Bεpxq
˘
is fully essential, for every ε ą 0.
We have the following results for periodic point free homeomorphisms:
Proposition 2.6. If f : T2 ý is a periodic point free homeomorphism and x P
Ωp f q, then x is an essential point.
Proof. This is an easy consequence of Theorem 2.5. In fact, if x P Ωp f q and there
is an open neighborhood V of x such that U f pVq is inessential, hence the filling
Fill
`
U f pVq
˘
, as defined in 2.4.2, is f N-invariant, for some N P N. Notice that
Fill
`
U f pVq
˘
is homeomorphic to R2 and f N|
Fill
`
U f pVq
˘ : Fill `U f pVq˘ ý exhibits
a non-wandering point (because x P Ωp f q X V). Thus, by Brouwer’s translation
theorem (Theorem 2.5), f 2N has a fixed point in Fill
`
U f pVq
˘
, contradicting the
fact that f is periodic point free. 
Proposition 2.7. If f : T2 ý is a periodic point free homeomorphism and W Ă T2
is a lift-bounded wandering domain (i.e. W is a connected component of W p f q), then
f npWq XW “ H, @n P Zzt0u.
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Proof. Let us suppose there exists n P Zzt0u such that f npWq XW ‰ H. Since W
is a connected component of an f -invariant set, this implies that f npWq “ W. So, if
W˜ is a connected component of pi´1pWq Ă R2, then there exists a homeomorphism
G : R2 ý which is a lift of f n and such that GpW˜q “ W˜. Since W˜ is bounded in R2,
this implies that ΩpGq is nonempty and, invoking Brouwer’s translation theorem
we conclude that G2 has a fixed point, contradicting the fact that f is periodic
point free. 
Motivated by this result, we propose the following
Definition 2.3. We say that a homeomorphism f : T2 ý exhibits small wander-
ing domains when every connected component of the wandering set W p f q is lift-
bounded and, given any δ ą 0, there exist just finitely many connected components
with diameter larger that δ, i.e. the following set 
W P pi0
`
W p f q
˘
: diampWq ě δ
(
is finite, for every δ ą 0.
From this geometric property of the wandering set we get the following dynamical
consequence:
Proposition 2.8. If f P HomeopT2q is periodic point free and exhibits small
wandering domains, then it is Ω-recurrent (see Definition 2.1).
Proof. Reasoning by contradiction, let us suppose there exists an open set U Ă T2
such that U XΩp f q ‰ H, but
(19) U X f npUq XΩp f q “ H, @n P Zzt0u.
Let z be an arbitrary point of U X Ωp f q and ε be a positive number such that
the ball of radius ε centered at z satisfies Bεpzq Ă U. Taking into account that f
exhibits small wandering domain, we know that
WUpz, εq :“
!
D P pi0
`
W p f q
˘
: Bεpzq X D ‰ H, DX
`
T2zU
˘
‰ H
)
is a finite set.
Then, let us consider the set
(20) τ :“
 
n P Zzt0u : f n
`
Bεpzq
˘
X Bεpzq ‰ H
(
.
Notice that since z is a non-wandering point, the set τ is nonempty, and moreover,
is infinite.
On the other hand, by (19) we know that
(21) f n
`
Bεpzq
˘
X Bεpzq Ă W p f q, @n P τ.
Then, if D is a connected component of the wandering set W p f q such that D Ă U,
its boundary BD Ă Ωp f q and hence, by (19), it holds f npDq XU “ H, for every
n P Zzt0u.
This implies that
(22) f n
`
Bεpzq
˘
X Bεpzq Ă
ď
DPWUpz,εq
D, @n P τ.
However, since f is periodic point free, by Proposition 2.7 we know that every
connected component of W p f q is indeed a wandering set for f , and we know that
the set WUpz, εq is finite. So, putting together (20), (21) and (22) we conclude the
set τ is finite, contradicting the fact that z was non-wandering. 
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2.5. Kronecker factors of homeomorphisms of T2. As we have already men-
tioned in §2.3, any minimal equicontinuous homeomorphism of a compact metric
space is topologically conjugate to a Kronecker system. So, invoking a recent result
due to Hauser and Ja¨ger [HJ17, Theorem B], we have the following
Theorem 2.9. If f P HomeopT2q and Ta : G ý is a minimal Kronecker factor of
f , then the group G is either equal to T2, T or the trivial space t˚u.
According to the classification given by Theorem 2.9, any homeomorphism f P
HomeopT2q admitting a minimal Kronecker factor is a topological extension of an
irrational circle rotation, i.e. f admits an irrational circle rotation as topological
factor, that will be just call irrational circle factors for short.
The following simple lemma imposes some well-known restrictions for the exis-
tence of irrational circle factors:
Lemma 2.10. Let f : T2 ý be an orientation preserving homeomorphism admitting
an irrational circle factor and f˜ : R2 ý be a lift of f . Then there exist ρ P RzQ,
v P S1 with rational slope and C ą 0 such that
∣
∣
@
f˜ npzq ´ z, v
D
´ nρ
∣
∣ ď C, @z P R2, @n P Z.
Proof. See for instance [JT17, Lemma 3.1]. 
The direction of the vector vK, where v is as in Lemma 2.10, is called the homo-
logical direction of the circle factor. Notice that, when f is not homotopic to the
identity, the homological direction of a circle factor is unique.
2.6. Rotational deviations. Given an orientation preserving homeomorphism
f : T2 ý, we say that f exhibits uniformly bounded v-deviations, for some v P S1,
whenever there exists a constant C ą 0 such that given any lift f˜ : R2 ý, there is
ρ P R satisfying
(23)
∣
∣
@
f˜ npzq ´ z, v
D
´ nρ
∣
∣ ď C, @z P R2, @n P Z.
Observe that if the vector v has irrational slope, then the homeomorphism f must
be isotopic to the identity. However, in this work, as a consequence of Lemma 2.10,
we are mainly concerned with the case where v has rational slope. Moreover,
since we are dealing with periodic point free homoemorphisms, by Proposition 2.4
we know that, modulo conjugacy with a torus automorphism, we can assume our
homeomorphism f P HomeokpT
2q, for some k P Z, the vector v “ p0, 1q and the
number ρ is the only element of of the vertical rotation set defined in §2.4.1. In
such a case we will say that f exhibits uniformly bounded vertical deviations.
As a particular case of our previous definition, a homeomorphism f : T2 ý is
said to be annular when there exist a lift f˜ : R2 ý of f , a vector v P S1 with rational
slope and a constant C ą 0 such that
∣
∣
@
f˜ npzq ´ z, v
D∣
∣ ď C, @z P R2, @n P Z.
More generally, we say f is eventually annular when there exists k P N such that
f k is annular.
We will need the following improvement of Proposition 2.6:
Proposition 2.11. If f P HomeopT2q is periodic point free and is not eventually
annular, then every non-wandering point is fully essential for f .
Proof. This is consequence of Proposition 2.6 and the following simple remark:
if x P Ωp f q is essential but is not fully essential, then there is an open connected
neighborhood V of x such that U f pVq is an annular set and there is k P N such that
f k
`
U f pVq
˘
“ U f pVq. This clearly implies that f
k is an annular homeomorphism.

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On the other hand, we will say that the homeomorphism f P HomeokpT
2q
exhibits unbounded horizontal deviations when
(24) sup
!∣
∣pr1
`
f˜ npzq ´ z
˘
´ pr1
`
f˜ npwq ´w
˘∣
∣ : w, z P R2, n P Z
)
“ 8.
Notice that any element of HomeokpT
2q exhibits unbounded horizontal deviations,
when k ‰ 0.
We have the following simple
Lemma 2.12. Let f P HomeokpT
2q and f˜ : R2 ý be a lift of f . Then the following
properties are equivalent:
(1) estimate (24) holds;
(2) we have
(25) sup
!∣
∣pr1
`
f˜ npzq ´ z
˘
´ pr1
`
f˜ npwq ´w
˘∣
∣ : w, z P R2, n P N
)
“ 8;
(3) it holds
(26) sup
!∣
∣pr1
`
f˜´npzq ´ z
˘
´ pr1
`
f˜´npwq ´w
˘∣
∣ : w, z P R2, n P N
)
“ 8.
Proof. First observe that given any z P R2, we have
f˜ npzq ´ f˜ n
`
z` p0, 1q
˘
“ Ink p0, 1q “ pkn, 1q, @n P Z.
This implies that, when k ‰ 0, (24), (25) and (26) hold simultaneously, for every
f P HomeokpT
2q and any lift f˜ : R2 ý.
So let us just consider the case k “ 0. It is clear that condition (24) holds if and
only if either (25) or (26) holds. So, it just remains to prove that (25) and (26) are
equivalent.
To prove this, it is enough to observe that, if we write f˜ “ I0 `∆ f˜ , then it holds
f˜´1 “ I ´∆ f˜ ˝ f˜ . So we have
∆ f˜´n “ ´∆ f˜ n ˝ f˜
n, @n ě 1,
and this clearly shows that (25) holds if and only if (26) holds. 
Finally, a homeomorphism f P Homeo0pT
2q is said to be a pseudo-rotation with
uniformly bounded rotational deviations when f is a pseudo-rotation and there is a
constant C ą 0 such that
(27)
›› f˜ npzq ´ z´ nρ¯›› ď C, @z P R2, @n P Z,
where f˜ : R2 ý is a lift of f and its rotation set satisfies ρp f˜ q “ tρ¯u.
Let us finish this section with two lemmas about torus homeomorphisms exhibit-
ing unbounded deviations in certain direction:
Lemma 2.13. Let f P HomeokpT
2q, f˜ : R2 ý be a lift of f and suppose f exhibits
unbounded horizontal rotational deviations, i.e. condition (24) holds. If x P Ωp f q
is a fully essential point for f and V is a connected neighborhood of x, then it holds
(28) sup
nPN
diam
´
pr1
`
f˜ npV˜q
˘¯
“ 8,
for every connected component V˜ of pi´1pVq.
Proof. Without loss of generality we can assume V is open and lift-bounded. Since
x is fully essential, there are two continuous simple closed curves α1, α2 : T Ñ T
2
that generates the first homology group H1pT
2,Zq and such that their images are
contained in U f pVq. This implies there exists C ą 0 such that
diam D ă C, @D P pi0
`
R2zpi´1pα1 Y α2q
˘
,
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where, by some abuse of notation, we are just writing αi to denote the image of the
curve αi, and pi0p¨q denotes the set of connected components of the corresponding
space.
Then, let us consider the open set
(29) Q :“ p0, 1q2 Y
ď!
D P pi0
`
R2zpi´1pα1 Y α2q
˘
, DX p0, 1q2 ‰ H
)
.
Notice that, by the previous estimate, Q is bounded in R2 and its boundary is
contained in pi´1pα1 Y α2q.
So, if V˜ is an arbitrary connected component of pi´1pVq, for each z P BQ there
exist nz P Z and pz P Z
2 such that
z P f˜ nzpV˜q ` pz,
where we are using the notation introduced in Remark 2.2
By compactness of BQ, there exist finitely many points z1, . . . , zℓ P BQ such that
(30) BQ Ă
ℓď
i“1
f˜ nzi pV˜q ` pzi .
This implies
f˜ npBQq Ă
ℓď
i“1
f˜ n`nzi pV˜q ` Ink pzi , @n P Z,
where Ik denotes the integer matrix given by (12).
Then, since Q contains a fundamental domain and (24) holds, by (25) of Lemma 2.12
we conclude that
sup
nPN
diam
´
pr1
`
f˜ npBQq
˘¯
“ 8.
Now, for each n P Z, f˜ npBQq is covered by ℓ (integer translations of) images of V˜,
so estimate (28) must hold. 
Lemma 2.14. Let f P HomeokpT
2q, f˜ : R2 ý be a lift of f and suppose f ex-
hibits uniformly bounded vertical rotational deviations and unbounded horizontal
rotational deviations. Let x P Ωp f q be a fully essential point for f , V˜ a neigh-
borhood of some point x˜ P pi´1pxq Ă R2, and N0 be a natural number. Then there
exists m P N, such that for every j P tm,m` 1, . . . ,m` N0u, there are pj, p
1
j, qj P Z,
with pj ‰ p
1
j, such that
f˜ jpV˜q X Tpp j,qjqpV˜q ‰ H, and f˜
jpV˜q X Tpp1j,qjq
pV˜q ‰ H,
for every j P tm,m` 1, . . . ,m` N0u.
Before proving Lemma 2.14, we need the following elementary combinatorial
result:
Lemma 2.15. Let A “ tn1, n2, . . . , nℓu be an arbitrary nonempty set of integer
numbers and N0 be a natural number. Then, there exists an integer M0 ě N0 such
that for every m1 P N and any function ξ : tm1,m1 ` 1, . . . ,m1` M0u Ñ A, there is
m P Z such that
tm,m` 1, . . . ,m` N0u Ă
 
j´ ξpjq : j P tm1,m1 ` 1, . . . ,m1 ` M0u
(
.
Proof of Lemma 2.15. Let us suppose the elements of A are ordered in the following
way: n1 ď n2 ď . . . ď nℓ. Then, let us define
M0 :“ N0 ` nℓ ´ n1,
m :“ m1 ´ n1.
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For each 1 ď i ď ℓ, consider the set Bi :“ tj´ ni : j P tm
1, . . . ,m1 ` M0uu.
Then, the lemma easily follows from the following simple remark:
Bi X Bk Ą B1 X Bℓ “ tn P Z : m
1 ´ n1 ď n ď m
1 ` M0 ´ nℓu
“ tm,m` 1, . . . ,m` M0u,
for every 1 ď i ď k ď ℓ. 
Proof. Without loss of generality we can assume V˜ “ Brpx˜q, with 0 ă r ă 1{4.
Then, V :“ pipV˜q “ Brpxq Ă T
2, where x “ pipx˜q P Ωp f q is a fully essential point
for f .
Repeating the argument we used in the proof of Lemma 2.13, there are two
continuous simple closed curves α1, α2 : T Ñ T
2 that generate the first homology
group H1pT
2,Zq and such that their images are contained in U f pVq.
Then let us consider the fundamental domain Q given by (29). Let z1, . . . , zℓ P
BQ, nz1 , . . . , nzℓ P Z and pz1 , . . . , pzℓ P Z
2 such that condition (30) holds. Let M0
be the natural number given by Lemma 2.15 associated to the natural numbers
nz1 , . . . , nzℓ and N0.
Let us consider the set
(31) Qˇ :“ QY
ℓď
i“1
f˜ nzi pV˜q ` pzi .
Now, since f exhibits bounded vertical rotational deviations, we know that its
vertical rotation set given by (16) is a singleton and there exists a real constants
C0 ą 0 such that
(32)
∣
∣pr2
`
f˜ npzq ´ z
˘
´ nρ
∣
∣ ď C0, @z P R
2, @n P Z,
where ρVp f˜ q “ tρu.
This implies that
(33) f˜ npV˜q Ă Sn :“
!
z P R2 : |pr2pz´ x˜q ´ nρ| ď C0 ` 1{4
)
, @n P Z.
Then, consider the set of integer numbers
(34) En :“ tq P Z : Dp P Z, Tpp,qqpQˇq X Sn ‰ Hu, @n P Z.
Since Qˇ has finite diameter, we know that
(35) 7En ď 2C0 ` diam Qˇ` 4, @n P Z,
where 7p¨q denotes the cardinality of the set, and on the other hand it clearly holds
(36) QˇX TppQˇq “ H, @p P Z
2, with }p} ą diam Qˇ.
Taking into account (35), (36), we consider an integer number L P N such that
(37) L ą ℓp2C0 ` diam Qˇ` 4q ` 1.
Now, by Lemma 2.13
sup
nPN
diam
´
pr1
`
f˜ npV˜q
˘¯
“ 8.
So, we can find a positive integer m1 such that for every j P tm1,m1`1, . . . ,m1`M0u,
there are p
pjq
1 , . . . , p
pjq
L P Z
2 with
›››ppjqr ´ ppjqs ››› ą diam Qˇ, for every 1 ď r ă s ď L,
and satisfying
f˜ j
`
V˜
˘
X T
p
pjq
r
pQq ‰ H, @j P tm1, . . . ,m1 ` M0u, @r P t1, . . . , Lu,
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where
BT
p
pjq
r
pQq Ă
ℓď
i“1
f˜ nzi pV˜q ` pzi ` p
pjq
r .
This means that for each j P tm1, . . . ,m1` M0u and every r P t1, . . . , Lu, there exists
zj,r P tz1, . . . , zℓu such that
(38) f˜ jpV˜q X
´
f˜
nzj,r pV˜q ` pzj,r ` p
pjq
r
¯
‰ H.
Observe that, by (36), the sets T
p
pjq
1
pQˇq, T
p
pjq
2
pQˇq, . . . , T
p
pjq
L
pQˇq are two-by-two
disjoint which implies that
(39)
´
f˜
nzj,r pV˜q ` pzj,r ` p
pjq
r
¯
X
´
f˜
nzj,s pV˜q ` pzj,s ` p
pjq
s
¯
“ H,
for all j P tm1, . . . ,m1` M0u, and any 1 ď r ă s ď L.
Then, by (33) and (34) we yield
pr2
´
p
pjq
r
¯
P Ej, @r P t1, . . . , Lu,
and any m1 ď j ď m1 ` M0. Therefore, putting together this last relation with
(35), (38), (39) and (37), we conclude that for each j P tm1, . . . ,m1` M0u, there are
1 ď r ă s ď L such that zj,r “ zj,s and pr2
`
p
pjq
r
˘
“ pr2
`
p
pjq
s
˘
. So, for each j we get
f˜
j´nzj,r pV˜q X
´
V˜ ` I
´nzj,r
k
`
pzj,r
´ p
pjq
r
˘¯
‰ H,
f˜
j´nzj,s pV˜q X
´
V˜ ` I
´nzj,s
k
`
pzj,s
´ p
pjq
s
˘¯
‰ H,
where Ik is the matrix given by (12), pzj,r ´ p
pjq
r ‰ pzj,s ´ p
pjq
s but their second
coordinates coincide, i.e.
pr2
`
pzj,r
´ p
pjq
r
˘
“ pr2
`
pzj,s
´ p
pjq
s
˘
“ pr2
´
I
´nj,r
k
`
pzj,r
´ p
pjq
r
˘¯
“ pr2
´
I
´nj,s
k
`
pzj,s
´ p
pjq
s
˘¯
.
Then, the existence of the natural number m and the conclusion of the lemma itself
follow by Lemma 2.15. 
3. Wandering points as an obstruction to irrational circle factors
The main purpose of this section consists in describing the construction of three
examples of totally irrational pseudo-rotations with uniformly bounded rotational
deviations but which do not admit irrational circle rotations as topological factors.
In these three examples the geometry of the wandering sets plays a fundamental
role, showing that the small wandering domains hypothesis is fundamental and
sharp in Theorem A.
First we shall perform a general construction, which is a slight modification of
classical suspensions, that will be used in §§3.2 and 3.3.
3.1. Suspending circle homeomorphisms. Given arbitrary homeomorphisms
g1, g2 P Homeo0pTq and a lift g˜1 : R ý of g1, we will construct the “time-g˜1 of
the suspension flow of g2,” a homeomorphism g P Homeo0pT
2q which is defined as
follows.
First, consider the equivalence relation „ on RˆT given by
(40) ps, xq „ ps1, x1q ðñ s1 ´ s P Z and x “ gs
1´s
2 px
1q.
Since g2 is homotopic to the identity, the quotient space pR ˆ Tq{ „ is indeed
homeomorphic to T2, and we shall just identify them without any further reference.
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As usual, we define the suspension flow Φ : RˆT2 Ñ T2 by
(41) Φtrs, xs :“ rt` s, xs, @ps, xq P R ˆT, @t P R,
where rs, xs denotes the equivalence class of the point ps, xq.
Then, we define the homeomorphism g : T2 ý as the “time-g˜1” of Φ. More
precisely, we write
(42) grt, xs :“ rg˜1ptq, xs, @pt, xq P R ˆT,
where g˜1 : R ý is a lift of g1.
In order to verify that g is indeed well defined, it is enough to notice that g˜1
commutes with any integer translation on R.
Then we have the following
Proposition 3.1. The homeomorphism g : T2 ý we constructed above exhibits the
following properties:
(i) g is a skew-product, i.e. it leaves invariant the “vertical circle foliation” given
by the
 
txuˆT : x P T
(
;
(ii) g is a pseudo-rotation and its rotation vector is totally irrational if and only if
the numbers 1, ρpg˜1q, ρpg˜1qρpg˜2q are linearly independent over Q, for any lift
g˜2 : R ý of g2;
(iii) g exhibits uniformly bounded rotational deviations (i.e. condition (27) holds);
(iv) if g2 is a Denjoy homeomorphism (i.e. it is periodic point free and W pg2q ‰
H), g˜1 is fixed point free and Ωpg1q “ T, then it holds
W pgq “
ď
tPR
Φ
t
`
t0u ˆW pg2q
˘
.
In particular, every connected component of the wandering set W pgq is lift-
unbounded and inessential.
(v) If g1 and g2 are Denjoy homeomorphisms, then
W pgq :“ W pg1q ˆT Y
ď
tPR
Φ
t
`
t0u ˆW pg2q
˘
.
In particular, W pgq is connected and fully essential.
(vi) when the rotation vector of g is totally irrational, the homeomorphism g is
a topological extension of a minimal translation of T2 and Ωpgq is the only
minimal set for g.
Proof. In order to prove (i), it is enough to notice that the vertical circle foliation 
ttuˆT : t P R
(
of RˆT is invariant by the quotient map pt, xq ÞÑ
`
t` 1, g´12 pxq
˘
and the flow rΦ : Rˆ pR ˆTq Q `t, ps, xq˘ ÞÑ pt` s, xq, which is the lift of flow Φ.
One can easily verify that the there exists a lift g˜ : R2 ý of g such that ρpg˜q “!`
ρpg˜1q, ρpg˜1qρpg˜2q
˘)
. Then this implies (ii).
To prove (iii) it is enough to notice that g leaves invariant two topologically
transverse foliations with different asymptotic homological directions (see [KK09,
Proposition 4.1] and [KPR18, Theorem 5.4] for details): one of them is the vertical
circle foliations of the skew-product structure given by (i); the other one is given
by the orbits of the (singularity free) flow Φ.
Properties (iv) and (v) are straightforward consequences of classical results about
the non-wandering set of suspension flows.
Finally, in order to prove (vi), observe that, by (ii), if g is a totally irrational
pseudo rotation, then g1 and g2 have irrational rotation numbers. So, by classical
Poincare´ theory, both of them are topological extension of irrational rotations of the
circle, and Ωpg1q and Ωpg2q are the only minimal sets for g1 and g2, respectively.
These properties pass to the flow Φ by suspension. 
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3.2. Unbounded inessential wandering set. In this paragraph we show the
existence of a totally irrational pseudo-rotation f P Homeo0pT
2q, exhibiting uni-
formly bounded rotational deviations (in every direction), whose wandering set
W p f q is connected, inessential and lift-unbounded and such that f does not admit
any irrational circle rotation as a topological factor.
To do that, let g2 : T ý be a Denjoy homeomorphism with just one orbit of
wandering domains (i.e. Perpg2q “ H, W pg2q ‰ H and W pg2q “
Ť
n g
n
2pIq, for any
connected component I of W pg2q) and g˜1 “ Tρ1 : R ý be a translation such that the
map g P Homeo0pT
2q constructed in § 3.1 is a totally irrational pseudo-rotation (see
condition (ii) of Proposition 3.1). Since g2 has just one orbit of wandering domains
and property (iv) of Proposition 3.1 holds, we have that W pgq is connected.
By (vi) of Proposition 3.1, we know that g is a topological extension of a minimal
rotation of T2. One can easily show that two different points z, z1 P T2 are Kro-
necker equivalent for g (see Definition 2.2) if and only if pr1pzq “ pr1pz
1q and there
exists a connected component J of the set W pgq X tpr1pzqu ˆT such that z, z
1 P J.
So, given any topological open disc U Ă W pgq, we can clearly find two points
w0,w1 P U which are not Kronecker equivalent; and thus, they are in fact Kronecker
separated (again see Definition 2.2 for details). Moreover, taking U small enough,
we can assume U is a wandering set for g. Then, since U is open and connected,
there exists ℓ P Homeo0pT
2q so that supp ℓ Ă U Ă W pgq and ℓpw0q “ w1.
Then we just define f :“ g ˝ ℓ. Since ℓ is supported in a g-wandering set, it holds
Ωp f q “ Ωpgq, and therefore, f and g coincide on this set. So, f has a connected,
inessential and lift-unbounded wandering set as well. Moreover, since g exhibits
uniformly bounded rotational deviations and ℓ is supported on a g-wandering lift-
bounded set, this implies f exhibits uniformly bounded rotations deviations as well.
We claim that f does not admit any irrational circle rotation as topological
factor. To prove this, reasoning by contradiction, let us suppose there is a semi-
conjugacy h : T2 Ñ T and a minimal rotation Tρ : T ý such that h ˝ f “ Tρ ˝ h.
Since Ωp f q is a minimal set for f , we have that two points of Ωp f q “ Ωpgq are
Kronecker equivalent for f if and only if so they are for g. Then, for each i P t0, 1u,
we can consider an arbitrary point
w1i P Ωpgq X cc
`
W pgq X
 
pr1pwiq
(
ˆT,wi
˘
.
Since w0 and w1 are Kronecker separated for g, and wi and w
1
i are g-proximal, for
i P t0, 1u, we conclude w10 and w
1
1 are Kronecker separated for g. So, w
1
0 and w
1
1 are
Kronecker separated for f , too; but w0 and w
1
1 are f -proximal and w0 and w
1
0 are
f´1-proximal. This clearly contradicts the existence of an irrational circle factor.
3.3. Fully essential wandering set. In this paragraph we describe the con-
struction of a totally irrational pseudo-rotation f P Homeo0pT
2q with uniformly
bounded rotational deviations, such that the wandering set W p f q is fully essential
and such that f does not admit any irrational circle factor.
The construction is very similar to that one performed in §3.2. In this case we
start considering two Denjoy maps g1, g2 P Homeo0pTq, with lifts g˜1, g˜2 : R ý such
that 1, ρpg˜1q and ρpg˜1qρpg˜2q are linearly independent over Q.
Then, let g P Homeo0pT
2q be the homeomorphism given by the construction
described at the beginning of §3.1, associated to g˜1 and g2. By (ii) and (v) of
Proposition 3.1, we know that g is a totally irrational pseudo-rotation and W pgq is
a fully essential connected set.
Then, by (v) we can choose a point w0 P W pgq such that pr1pw0q P Ωpg1q. So
we know there exist I Ă W pg2q, s0 P R and y0 P I such that
w0 “ Φ
s0p0, y0q P Φ
s0
`
t0uˆ I
˘
.
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Then, for any ε ą 0 sufficiently small, the open set
U :“
ď
|s´s0|ăε
Φ
s
`
t0uˆ I
˘
is a wandering set for g.
Since Ωpg1q has no isolated points and U is an open topological disc, we know
there exists a real number s1 with 0 ă |s1 ´ s0| ă ε such that the point w1 :“
Φ
s1p0, y0q P U, pr1pw1q P Ωpg1q and there are infinitely many points in the arc flow
of Φ between the points w0 and w1 such that their projections on the firs coordinate
belongs to Ωpg1q, i.e. the set
(43)
!
t P p0, 1q : pr1
´
Φ
ts0`p1´tqs1p0, y0q
¯
P Ωpg1q
)
is not empty, (and in fact, s1 can be chosen such that this set is infinite).
Now observe that given any point y P Ωpg2q Ă T and any pair of real numbers
s ă s1, we have that Φsp0, yq and Φs
1
p0, yq are Kronecker separated if an only if
there exists t P ps, s1q such that pr1
`
Φ
tp0, yq
˘
P Ωpg1q.
So, if y1 P Ωpg2q be any end point of the interval I Ă W pg2q we considered above,
we know that the points Φsip0, y1q and wi “ Φ
sip0, y0q are g-proximal, for i “ 0, 1.
Due to our previous remark and property (43), we know that the points Φs0p0, y1q
and Φs1p0, y1q are Kronecker separated, and consequently, the points w0 and w1 are
Kronecker separated as well.
As we did in §3.2, we consider a homeomorphism ℓ P Homeo0pT
2q such that
ℓpw0q “ w1 and supp ℓ Ă U Ă W pgq. Again, we define f :“ g ˝ ℓ. By the very same
argument we exposed in §3.2, one can show f is a totally irrational pseudo-rotation
exhibiting uniformly bounded rotational deviations, fully essential wandering set
and having no irrational circle factor.
3.4. Inessential bounded non-small wandering domains. In this paragraph
we describe the construction of a totally irrational pseudo-rotation f : T2 ý not
admitting any irrational circle factor, and such that it exhibits uniformly bounded
rotational deviations, its wandering set is the union of countably many inessential
lift-bounded wandering domains, all of them having the same diameter and hence,
not satisfying the small wandering domain hypothesis (see Definition 2.3).
To do that, let us start by considering a totally irrational vector α P R2 and let
Tα : T
2
ý be the corresponding rigid rotation. Given any γ P RzQ and δ ą 0, let
us define
F
γ
δ :“ pi
!
pt, tγq P R2 : t P p´δ, δq
)
Ă T2.
Notice that fixing the totally irrational vector α P R2, there exists δ0 ą 0 such
that
Tn
α
`
F
γ
δ
˘
XF
γ
δ “ H, @δ P p0, δ0q, @n P Zzt0u.
Then let us fix such a δ.
By classical “a` la Denjoy” surgery procedures, we can construct a topological
extension g P Homeo0pT
2q of Tα satisfying the following properties: there exist a
continuous map h : T2 ý in the identity homotopy class and a sequence tαnunPZ of
points of T2 such that h ˝ g “ Tα ˝ h, each fiber h
´1pzq is a singleton if and only if
z P T2z
Ť
nPZ T
n
α
pF
γ
δ q, and
h´1pzq “
 
z` αn `pip´γt, tq : t P
`
´ δnpzq, δnpzq
˘(
,
whenever z P Tn
α
pF
γ
δ q, and where δnpzq :“ 2
´|n|´10
´
δ´ dT2
`
z, Tn
α
p0q
˘¯
and dT2p¨, ¨q
denotes the distance function given by (10).
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Notice that the wandering set of g is given by
W pgq “
ğ
nPZ
h´1
`
Tn
α
pF
γ
δ q
˘
,
where
Ů
denotes the disjoint union operator, and
diam
´
h´1
`
Tn
α
pF
γ
δ q
˘¯
“ 2δ, @n P Z.
So, g does not satisfies the small wandering domain hypothesis given by Defini-
tion 2.3.
Then observe that two different points of w0,w1 P T
2 are Kronecker equivalent
for g if and only if there exist n P Z, z P Tn
α
pF
γ
δ q and t0, t1 P r´δnpzq, δnpzqs
satisfying
wi “ z` αn `pip´γti, tiq, for i P t0, 1u.
In particular, inside the wandering domain h´1pF
γ
δ q we can find two points w0
and w1 which are not Kronecker equivalent. Moreover, since γ is irrational, this
implies w0 and w1 are indeed Kronecker separated.
Then, as we did in §§3.2 and 3.3, and observing h´1pF
γ
δ q is an open topological
disc, we can find a homeomorphism ℓ P Homeo0pT
2q such that hpw0q “ w1 and
supp ℓ Ă h´1pF
γ
δ q. Then we define f :“ g ˝ ℓ.
Again, g clearly exhibits uniformly bounded rotational deviations and ℓ is sup-
ported on a lift-bounded wandering domain, so f exhibits uniformly bounded rota-
tional deviations, too. Regarding the wandering set, it clearly holds W p f q “ W pgq.
So, f does not satisfy the small wandering condition either. There exist points
w1i P Ωpgq such that wi is Kronecker equivalent to w
1
i, for i P t0, 1u and w0 is f -
proximal to w11 and f
´1-proximal to w10, which are Kronecker separated points. So,
f does not admit any irrational circle factor.
4. Proofs of Corollaries 1.1 and 1.2
In this section we prove both corollaries assuming Theorem A.
Proof of Corollary 1.1. Since f is a totally irrational pseudo-rotation, we know it is
non-eventually annular. On the other hand, since f exhibits uniformly bounded ro-
tational deviations, i.e. condition (27) holds, we know that f satisfies the hypotheses
of Theorem A, for every v P S1 of rational slope.
Then, we apply Theorem A twice in order to construct a “horizontal” and a
“vertical” irrational circle factor, i.e. we first consider v “ p1, 0q and then v “ p0, 1q
to get two continuous semi-conjugacies hi : T
2 Ñ T, with i “ 1, 2, such that
hi ˝ f “ Tρi ˝ hi, for i “ 1, 2,
where ρp f˜ q “ pρ1, ρ2q P R
2 is the rotation vector of f˜ , and Tρi : T ý is the corre-
sponding irrational circle rotation.
Finally we just define H : T2 ý by
Hpx, yq :“
`
h1pxq, h2pyq
˘
, @px, yq P T2,
and one can easily check that H ˝ f “ Tρp f˜ q ˝ H, as desired. 
Proof of Corollary 1.2. If f is a topological extension of an irrational circle rotation,
then by Lemma 2.10 we know that given any lift f˜ : R2 ý of f , there exit C ą 0,
v P S1 and ρ P RzQ such that the estimate of that lemma holds. Since f is
homotopic to a Dehn twist Ik with k ‰ 0, we conclude that v is equal to ˘p0, 1q,
and so, estimate (3) holds.
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Reciprocally, if (3) holds and taking into account f is homotopic to a Dehn twist,
we conclude f is not eventually annular and hence we can directly apply Theorem
A to conclude the existence of an irrational circle factor. 
5. ρ-centralized skew-product
In this section we introduce the main character of this work: the ρ-centralized
skew-product induced by the torus homeomorphism f . This is a generalization
of that one we introduced in [Koc16, KPR18] to study rotational deviations for
periodic point free homeomorphisms in the identity homotopy class.
The intuitive idea behind the definition of this skew-product is to separate the
rotational component of a given torus homeomorphism from its complement which
is responsible for the sub-linear rotational deviations. This idea can be easily for-
malized regarding the group of area-preserving 2-torus homeomorphisms which are
homotopic to the identity. In fact, this group can be written as the semi-direct prod-
uct of the group of rotations (which is isomorphic to T2 itself) and the group of
Hamiltonian homeomorphisms, i.e. the group of area-preserving homeomorphisms
in the identity homotopy class with vanishing Lebesgue rotation vector (also called
flux in symplectic geometry); and this group-theoretically decomposition can be
taken to the dynamical system setting defining a skew-product homeomorphism on
T2 ˆ R2 which is just a rotation on the base and acts by (lifts of) Hamiltonian
homeomorphisms on the fibers.
The main heuristic of this skew-product can be summarized as follows: bounded
orbits of this skew-product correspond to orbits of the original homeomorphism
with bounded rotational deviations with respect to the rotation vector that acts on
the base of the skew-product. The reader can find in [Koc16, §6.1] all the details
of this construction, especially those relating the semi-direct group decomposition
of the group of area-preserving 2-torus homeomorphism and the definition of the
induced skew-product, that we called fiberwise Hamiltonian skew-product there.
Later, in [KPR18] we extended this construction for any homeomorphism in the
identity isotopy class and any ρ P R2, and we started calling them ρ-centralized
skew-product, which is the name we shall continue using from now on.
In this work we will introduce a slight modification of the construction we per-
formed in [KPR18] in order to deal with homeomorphisms in Dehn twist isotopy
classes. In fact, as we saw in §2.4.1, when the homeomorphism f P HomeokpT
2q
with k ‰ 0, one cannot define rotation vectors as elements of R2, but just vertical
rotation numbers as given by (16). So, here ρ-centralized skew-products will be
defined on T2 ˆA and not on T2 ˆR2 as done in [Koc16, KPR18].
Summarizing the results we are going to find in this section, let f P HomeokpT
2q
be a given homeomorphism and F : T2 ˆ A ý denote the induced ρ-centralized
skew-product (that we will formally introduce just after this brief summary). In
Proposition 5.1 we study the group of symmetries of F, showing it includes a full flow
called Γ. Then, in Proposition 5.4 we prove that there is a close relation between
points of T2 exhibiting bounded vertical rotational deviations for f and points
of T2 ˆ A whose F-orbits are bounded. One of the main results of this section
is Theorem 5.5 where we show that under the Ω-recurrence hypothesis, there is
natural correspondence between non-wandering points f and non-wandering points
of F, showing in particular that f is a non-wandering homeomorphism if and only
if F is. Finally, in Theorem 5.6 we study the topology of F-invariant bounded
connected sets, showing that under the hypotheses of Theorem A, the complement
of theses sets have exactly two unbounded connected components. The boundary
of these sets will be used in §6 to construct the fibers of the semi-conjugacy with
the irrational circle factor.
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Let us state now the precise definition of the induced ρ-centralized skew-product.
Let k be any integer number, f P HomeokpT
2q an arbitrary homeomorphism and
f˜ : R2 ý be a lift of f . We know that the displacement function ∆ f˜ :“ f˜ ´ Ik : R
2
ý
is Z2-periodic, and thus, it can be considered as an element of C0pT2,R2q, where
Ik P SLp2,Zq is given by (12).
For the sake of simplicity, let us write
∆i :“ pri ˝∆ f˜ , for i “ 1, 2.
On the other hand, let fˆ : A ý be the only annulus homeomorphism such that
p˜i ˝ f˜ “ fˆ ˝ p˜i, where p˜i is the covering map given by (17).
Then, given any ρ P R let us define the ρ-centralized skew-product induced by f˜
as the homeomorphism F : T ˆA ý given by
(44) Fpt, x, y˜q :“
´
Tρptq, x ` kpy` tq ` pi
´
∆1
`
x, y` t
˘¯
, y˜` ∆2px, y` tq ´ ρ
¯
,
for every pt, x, y˜q P T ˆA “ T ˆT ˆR and where y :“ pipy˜q P T.
The usefulness of map F can be briefly summarized with the following simple
but important property:
(45) Fnpt, zˆq “
´
Tnρ ptq, Tˆ
´1
t˜
˝
`
Tˆ´nρ ˝ fˆ
n
˘
˝ Tˆt˜pzˆq
¯
,
for any pt, zˆq P T ˆA, any t˜ P pi´1ptq and every n P Z.
On the other hand, let us notice that the skew-product F has a full flow of
symmetries: for each s P R consider the map Γs : TˆA ý given by Γs :“ Ts ˆ Tˆ´s,
i.e.
(46) Γspt, x, y˜q :“
`
t`pipsq, x, y˜ ´ sq “
`
Tsptq, Tˆ´spx, y˜q
˘
, @pt, x, y˜q P T ˆA.
Then, we have the following
Proposition 5.1. The map Γ : RˆTˆA Ñ TˆA is a flow and, for each s P R,
the homeomorphisms Γs and F commute, and Γs is an isometry of the metric space
pT ˆA, dTˆAq, where the distance function is given by
dTˆA
`
pt, zq, pt1, z1q
˘
“ dTpt, t
1q ` dApz, z
1q, @pt, zq, pt1, z1q P T ˆA.
Proof. This follows from straightforward computations. In fact,
Γ
s`s1 “ Ts`s1 ˆ Tˆ´s´s1 “
`
Ts ˆ Tˆ´s
˘
˝
`
Ts1 ˆ Tˆ´s1
˘
“ Γs ˝ Γs
1
, @s, s1 P R.
So, given any s P R and any pt, x, y˜q P T ˆA, it holds
F
`
Γ
spt, x, y˜q
˘
“ F
`
t`pipsq, x, y˜´ s
˘
“
´
Tρ
`
Tsptq
˘
, x` kpy` tq ` pi ˝ ∆1px, y` tq, y˜´ s`∆2px, y` tq ´ ρ
¯
“ Γs
`
Fpt, x, y˜q
˘
.
Finally, Γs is an isometry because Ts is an isometry of pT, dTq and Tˆs of pA, dAq.

Then, let us fix some terminology. Given any pt, zˆq P T ˆA, the Γ-line through
pt, zˆq is its flow line, i.e. it is given by
Γpt, zˆq :“ tΓspt, zˆq P T ˆA : s P Ru .
On the other hand, we introduce the concept of blocks of T ˆ A, which are a
particular kind of open subsets of T ˆA: given an open set V Ă A, a point t P T
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and a positive real number r, we define the corresponding r-block centered at t
associated to V by
(47) Vr,t :“
ď
|s|ăr
Γ
s
`
ttu ˆV
˘
Ă T ˆA.
A rather simple but important property of blocks is given by the following
Proposition 5.2. If V Ă A is an open subset, t P T and r ą 0, and Vr,t is the
r-block centered at t associated to V given by (47), then it holds
Fn
`
Vr,t
˘
“
`
Tˆ´1
t˜
˝ Tˆ´nρ ˝ fˆ
n ˝ Tˆt˜pVq
˘r,Tnρ ptq, @n P Z, @t˜ P pi´1ptq.
In particular, the F-image of any r-block is another r-block.
Proof. It easily follows from (45), Proposition 5.1 and (47). 
Finally, as a straightforward consequence of (45) we get the following
Proposition 5.3. Given any z P T2, any n P Z, any zˆ P pˆi´1pzq and any wˆ P
pˆi´1
`
f npzq
˘
(where projection pˆi is given by (18)), the point Fnp0, zˆq belongs to the
Γ-line through p0, wˆq.
Proof. Since pˆi ˝ fˆ “ f ˝ pˆi, we have
pˆi
`
fˆ npzˆq
˘
“ f n
`
pˆipzˆq
˘
“ f npzq “ pˆipwˆq.
So there exists m P Z such that Tˆmpwˆq “ fˆ
npzˆq, or equivalently we can write
Γ
´mp0, wˆq “
`
0, fˆ npzˆq
˘
.
Then, by (45) we know that
Fnp0, zˆq “
`
npipρq, Tˆ´nρ ˝ fˆ
npzˆq
˘
“ Γnρ
`
0, fˆ npzˆq
˘
“ Γnρ´mp0, wˆq.

5.1. The ρ-centralized skew-product and rotational deviations. From now
on and until the end of this section we suppose f˜ : R2 ý is a lift of a homeomorphism
f P HomeokpT
2q exhibiting uniformly bounded vertical deviations, with ρ, C and
v “ p0, 1q as in (23). Let F : T ˆA ý be the ρ-centralized skew-product induced
by f˜ as defined in (44).
Then we have the following
Proposition 5.4. Every F-orbit is bounded in the vertical direction, i.e. if pt, x, y˜q P
T ˆ A is an arbitrary point and we define ptn, xn, y˜nq :“ F
npt, x, y˜q, then it holds
|y˜m ´ y˜n| ď 2C, @m, n P Z,
where C is the constant given by (23).
Proof. This is a straightforward consequence of estimate (23) and property (45). 
The following result will play a key role in our work:
Theorem 5.5. If f is Ω-recurrent (see Definition 2.1), then a point px, yq P T2 is
non-wandering for f if and only if Γsp0, x, y˜q P ΩpFq, for every y˜ P pi´1pyq and all
s P R.
Proof. First observe that, by Proposition 5.1, the set ΩpFq is Γ-invariant. So it is
enough to show that a point px, yq P Ωp f q if and only if p0, x, y˜q P ΩpFq, for some
y˜ P pi´1pyq.
Then, let us prove the “if” direction, which holds without the boundedness of
rotational deviations and the Ω-recurrence assumptions. So, let p0, x, y˜q be any
point of ΩpFq.
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Let us fix a positive number δ and write just B for the open ball Bδpx, y˜q Ă A.
Then, since p0, x, y˜q is a non-wandering point, there exists n ě 1 such that
Fn
`
Bδ,0
˘
X Bδ,0 ‰ H,
where Bδ,0 denotes the δ-block centered at 0 P T and associated to B, as defined by
(47). So, there are s, s1 P p´δ, δq such that Tnρ
`
pipsq
˘
“ pips1q and the sets FnpBδ,0q
and Bδ,0 intersect on the fiber ts1u ˆA. Thus, by (45), we have
Tˆ´1s ˝ Tˆ
´n
ρ ˝ fˆ
n ˝ Tˆs
`
Tˆ´spBq
˘
X Tˆ´s1pBq ‰ H,
and hence,
fˆ npBq X Tˆnρ`s´s1pBq ‰ H.
However, since Tnρ
`
pipsq
˘
“ pips1q, we know there exists p P Z such that nρ` s “
s1 ` p, and then, recalling B denotes the ball of radius δ and center px, y˜q in A, we
get
f n
`
Bδpx, yq
˘
X Bδpx, yq ‰ H,
where y “ pipy˜q. Therefore, px, yq P Ωp f q, as desired.
Now, let px, yq be any point of Ωp f q and let us fix a point y˜ P pi´1pyq. Given
any real number r ą 0, let Br denote the open ball Brpx, y˜q Ă A and B
r,0
r be the
r-block centered at 0 associated to Br. Observe the family of blocks
 
Br,0r : r ą 0
(
is a local base of neighborhoods at the point p0, x, y˜q. So, let us fix a real number
r ą 0 that, without loss of generality, we can suppose is less than 1{4, and let us
show there exists n P N such that Br,0r X F
´npBr,0r q ‰ H.
Since f is Ω-recurrent, by Lemma 2.1 there exists an f -recurrent point px1, y1q P
Brpx, yq and a strictly increasing sequence of positive integers pnjqjě1 such that
(48) px1j, y
1
jq :“ f
njpx1, y1q P Brpx, yq, @j P N.
Since r ă 1{4, there is a unique point y˜1 P pi´1py1q X Brpy˜q, and for each j ě 1, a
unique point y˜1j P pi
´1py1jq X Brpy˜q.
By Proposition 5.3, for each j ě 1 there is a real number sj such that
Fnjp0, x1, y˜1q “ Γs jp0, x1j, y˜
1
jq, @j ě 1.
On the other hand, by Proposition 5.4 we know that
∣
∣sj
∣
∣ ď 2C, @j P N.
Now, invoking Proposition 5.1 we get
F´nj
ˆ ď
|s|ăr
Γ
sp0, x1j, y˜
1
jq
˙
“
ď
|s|ăr
Γ
s
`
F´njp0, x1j, y˜
1
jq
˘
Ă
ď
|s|ď2C`r
Γ
sp0, x1, y˜1q,
for every j ě 1.
Now, recalling Γ is an isometric flow (i.e. for every s, Γs leaves invariant the
distance dTˆA defined in Proposition 5.1), we observe the arc on the right side of
the equation has finite length. On the other hand, on the left side of the equation,
we have infinitely many constant length segments. So we can conclude there exist
k ą j ě 1 such that
F´nk
ˆ ď
|s|ăr
Γ
s
`
0, x1k, y˜
1
k
˘˙
X F´nj
ˆ ď
|s|ăr
Γ
s
`
0, x1j, y˜
1
j
˘˙
‰ H.
Since p0, x1j, y˜
1
jq, p0, x
1
k, y˜
1
kq P B
r,0
r , this implies F
nk´njpBr,0r qX B
r,0
r ‰ H, with nk ´ nj ą
0. So, p0, x, y˜q P ΩpFq. 
Now we can state the main result of this section:
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Theorem 5.6. Let us suppose f P HomeokpT
2q is Ω-recurrent, periodic point
free, exhibits uniformly bounded vertical rotational deviations and is not eventually
annular. Let V Ă T ˆ A be a nonempty connected bounded open set such that
V XΩpFq ‰ H. Then, for each t P T, the open set
AzUFpVqt
has exactly two unbounded connected components, where U f pVq Ă TˆA is the set
given by (9) and UFpVqt denotes the fiber of UFpVq over t given by (6).
As a consequence of this, one concludes the set UFpVq is in fact F-invariant.
In order to prove Theorem 5.6, let us start considering the following
Lemma 5.7. If f P Homeo0pT
2q is an Ω-recurrent totally irrational pseudo-
rotation exhibiting uniformly bounded rotational deviations, i.e. estimate (27) holds,
and V is as in Theorem 5.6, then UFpVqt Ă A is an annular set, for every t P T.
Proof of Lemma 5.7. Let f˜ : R2 ý be a lift of f and ρ¯ P R2 be the totally irrational
vector appearing in estimate (27). So, ρ “ pr2pρ¯q is the irrational number we are
considering to define the ρ-centralized skew-product given by (44).
Reasoning by contradiction, suppose there exists a nonempty open connected
subset V Ă T ˆA and t P T such UFpVqt is not annular, i.e. is inessential in A.
Since ρ is irrational and UFpVq is open, we conclude UFpVqt is inessential in A, for
every t P T.
Consider the covering map pi ˆ p˜i : RˆR2 Ñ T ˆA given by
(49) pi ˆ p˜ipt˜, z˜q :“
`
pipt˜q, p˜ipz˜q
˘
, @pt˜, z˜q P RˆR2,
and let ČU f pVq Ă R3 be a connected component of ppi ˆ p˜iq´1`UFpVq˘. Again by
irrationality of ρ, it must hold pr1
`
UFpVq
˘
“ T. On the other hand, since piˆ p˜i is
a covering map, and both sets UFpVq and ČUFpVq are open and connected, we get
(50) pi ˆ p˜i
´ČUFpVq¯ “ UFpVq.
So we have pr1
´ČUFpVq¯ “ R.
On the other hand, since UFpVq is open, connected and bounded in T ˆA, we
know that pr3
´ČUFpVq¯ is also bounded in R. Hence, there exists ℓ P Z, which
is unique and independent of the choice of the connected component ČUFpVq, such
that
(51) ČUFpVqt˜`1 “ Tpℓ,0q´ČUFpVqt˜¯, @t˜ P R.
Since V intersects ΩpFq and (50) holds, there is pt˜, z˜q P ČUFpVq so that the point
pt, zq :“ piˆ p˜ipt˜, z˜q belongs to ΩpFq. This implies there exists a sequence of positive
integers pnjqjě1 and a sequence of points
`
ptj, zjq
˘
jě1 such that ptj, zjq P B1{4jpt, zq Ă
TˆA and Fnjptj, zjq P B1{4jpt, zq, for each j ě 1. Observe, since F is periodic point
free, it necessarily holds nj Ñ `8, as j Ñ8. So, by (45), we can conclude that for
each j ě 1 there exist unique numbers mj, pj P Z such that
∣
∣mj ´ njρ
∣
∣ ă 1{2j and
(52)
1
nj
›› f˜ njpz˜j ` p0, t˜jqq ´ z˜j ´ p0, t˜jq ´ njp0, ρq ´ ppj, 0q›› ď 12jnj ,
where pt˜j, z˜jq is the only point in ppi ˆ p˜iq
´1ptj, zjq X B1{jpt˜, z˜q, provided j ě 4.
Now, recalling we are assuming f is a pseudo-rotation and ρp f˜ q “ tρ¯u is the
rotation set given by (14), as a consequence of (52) we get pj{nj Ñ pr1pρ¯q “ ρ and
mj{nj Ñ pr2pρ¯q, as j Ñ8.
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However observe that, by (51), pj “ ℓmj, for all j ě 1. This implies that
pr1pρ¯q “ ℓpr2pρ¯q, contradicting the fact that ρ was totally irrational. So, UFpVqt
is annular for every t P T. 
Then we can finish the proof of Theorem 5.6:
Proof of Theorem 5.6. If f P Homeo0pT
2q is a pseudo-rotation and exhibits uni-
formly bounded horizontal deviations, recalling vertical deviations are uniformly
bounded as well, then it exhibits uniformly bounded rotational deviations in ev-
ery direction. Since f is not eventually annular, this implies the rotation set of
any lift of f is singleton containing a totally irrational vector. Hence we can in-
voke Lemma 5.7 to guarantee that UFpVqt is annular for every t P T, and thus,
AzUFpVqt has exactly two unbounded connected components; and the theorem is
proven in this case.
So, now we can assume that f exhibits unbounded horizontal rotational devia-
tions, i.e. if f˜ : R2 ý is a lift of f , then condition (24) holds.
Reasoning by contradiction, let us suppose there exists a nonempty open con-
nected bounded subset V Ă T ˆ A and t0 P T, such that V X ΩpFq ‰ H and
AzUFpVqt0 has just one unbounded connected component.
Since f exhibits uniformly bounded vertical deviations, by (45) we know the set
UFpVq is bounded in T ˆA and so there exists a constant Cv ą 0 such that
(53) UFpVq Ă T ˆ
`
T ˆ p´Cv,Cvq
˘
.
Thus, since AzUFpVqt0 is open, its unique unbounded connected component is
arc-wise connected as well. So there exists a continuous curve γ : r0, 1s Ñ A such
that γp0q P T ˆ p´8,´Cv ´ 1q, γp1q P T ˆ pCv ` 1,`8q and γpsq R UFpVqt0 , for
every s P r0, 1s. By compactness of the (image of the) curve γ and the set UFpVq,
there exists ε ą 0 such that
γpsq R UFpVqt, @t P Bεpt0q, @s P r0, 1s,
where Bεpt0q :“ tt P T : dTpt, t0q ă εu. Since the number ρ appearing in the base
dynamics of the skew-product F is irrational, this implies that there exists N P N
such that
Nď
j“0
T
j
ρ
`
Bεpt0q
˘
“ T.
So, for every t P T there are nt P t0, 1, . . . , Nu and t
1 P Bεpt0q such that T
nt
ρ pt
1q “ t
and then,
(54) Fnt
`
t1, γpsq
˘
R UFpVq, @s P r0, 1s.
Then, putting together (53) and (54) we conclude that for every t P T, every
connected component of the set UFpVqt is lift-bounded in A. Moreover, they are
uniformly bounded, i.e. there is a real constant C ą 0 such that diam rU ă C, for
every t P T and every connected component rU of the open set p˜i´1`UFpVqt˘ Ă R2,
where p˜i : R2 Ñ A denotes the covering map given by (18).
Let us see this leads us to a contradiction. In fact, by Proposition 5.1 we know
the set ΩpFq is Γ-invariant, and we are assuming V XΩpFq ‰ H. So, there exists
s P R such that ΓspVq XΩpFq X
`
t0uˆA
˘
‰ H. Let us consider the fiber of ΓspVq
over the point 0 P T, i.e. the set
`
Γ
spVq
˘
0
. Since f is Ω-recurrent, by Theorem 5.5
we know that `
Γ
spVq
˘
0
X pˆi´1
`
Ωp f q
˘
‰ H.
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Hence, there is a connected component V˜ of the open set p˜i´1
´`
Γ
spVq
˘
0
¯
Ă R2
such that pipV˜q XΩp f q ‰ H, where p˜i : R2 Ñ A and pi : R2 Ñ T2 are the natural
covering maps.
Now notice, since we are assuming f is periodic point free and non-eventually
annular, by Proposition 2.11, every non-wandering point is fully essential, and re-
calling f exhibits unbounded horizontal rotational deviations (i.e. condition (24)
holds), we can invoke Lemma 2.13 to conclude that
(55) sup
nPZ
diam
´
pr1
`
f˜ npV˜q
˘¯
“ 8,
Finally, by (45) we know that (55) contradicts the fact that every connected
components of UFpVqt are uniformly lift-bounded, for each t P T. Thus, we have
proved that AzUFpVqt has exactly two unbounded components for every t P T.
In order to finish the proof of Theorem 5.6, it just remains to show that the set
UFpVq is F-invariant. To do this, by the very definition of UFpVq (given by (9)),
we know that UFpVq is a periodic set and F
`
UFpVq
˘
XUFpVq ‰ H if and only if
F
`
UFpVq
˘
“ UFpVq.
So, reasoning by contradiction, if we suppose UFpVq is not F-invariant, then
we get that F
`
UFpVq
˘
and UFpVq are disjoint. We have already proved that the
complement of the closed set UFpVqt has exactly two unbounded components on
the annulus A, for every t P T, which are called the upper and lower components
and are denoted by U`
`
UFpVqt
˘
and U´
`
UFpVqt
˘
, respectively. So, if UFpVq is
not invariant by F, since UFpVq is connected then we have either F
`
UFpVqt
˘
Ă
U`
`
UFpVqTρptq
˘
or F
`
UFpVqt
˘
Ă U´
`
UFpVqTρptq
˘
, for every t P T. Without loss of
generality, if we assume the first inclusion holds for every t P T, we conclude that
F
´
U`
`
UFpVqt
˘¯
Ă U`
`
UFpVqTρptq
˘
, @t P T.
This implies the open set U` given by
U` :“
ď
tPT
ttu ˆU`
`
UFpVqt
˘
Ă T ˆA,
satisfies F
`
U`
˘
Ă U` and this clearly contradicts the fact there exists n ą 1 such
that Fn
`
UFpVq
˘
“ UFpVq. 
6. Proof of Theorem A
In order to show that estimate (2) is a necessary condition for the existence of
an irrational circle factor, no assumption about the non-wandering set is required.
In fact, the proof is based in rather classical arguments and all the details can be
found for instance in [JT17, Lemma 3.1]. Let us just mention that in this case the
irrationality of ρ follows from the non-annularity hypothesis.
To finish the proof of Theorem A, from now on let us suppose f˜ is a lift of f
and satisfies condition (2). By Proposition 2.4 and the remark about rotational
deviations at the beginning of §2.6, there is no loss of generality assuming f P
HomeokpT
2q, for some k P Z, and v “ p0, 1q in estimate (2). So, the lift f˜ : R2 ý
of f commutes with the horizontal translation Tp1,0q : R
2
ý and, consequently,
induces an annulus homeomorphism fˆ : A ý characterized by the semi-conjugacy
equation p˜i ˝ f˜ “ fˆ ˝ p˜i.
Now, we want to construct a surjective continuous map h : T2 Ñ T such that
h ˝ f “ Tρ ˝ h, where ρ is the irrational number given by (2). By [JP15, Theorem
1] we know that there is no loss of generality assuming that each fiber h´1pyq, with
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y P T, is an annular continuum as defined in §2.4.2. So, following Ja¨ger [Ja¨g09], we
will define the semi-conjugacy h starting from its family of fibers.
More precisely, due to technical reasons we will start working on the annulus A
instead of T2 and we will construct a family of continua tC s Ă A : s P Ru such that
each C s is an essential annular continuum in A, they are well ordered according to
the index, i.e.
(56) C s Ă U´pC rq, for all s ă r,
where U´p¨q denotes the lower connected component of the complement in A of
the corresponding essential annular continuum as defined in §2.4.2; and the family
satisfies the following equivariant properties:
Tˆ1
`
C
s
˘
“ C s`1,(57)
fˆ
`
C
s
˘
“ C s`ρ, @s P R.(58)
Observe that, in particular, (56) implies that the continua are two-by-two disjoint,
i.e. C s XC r “ H, whenever r ‰ s.
Then, we define the map hˆ : A Ñ R by
(59) hˆpzq :“ inf
 
s P R : z P U´
`
C
s
˘(
, @z P A.
By (57) we know that hˆ ˝ Tˆ1 “ T1 ˝ hˆ and, by (58), hˆ ˝ fˆ “ Tρ ˝ hˆ. Thus, hˆ is the
lift of a map h : T2 Ñ T and it clearly holds h ˝ f “ Tρ ˝ h. So, in order to show
that h is indeed a semi-conjugacy, it just remains to prove that hˆ, and then h as
well, is continuous. This is a consequence of the irrationality of ρ and the fact that
the essential annular continua tC s : s P Ru are two-by-two disjoint. The reader can
find more details about the proof of the continuity of hˆ given by (59), assuming
(56), (57) and (58), in either [Ja¨g09, page 615] or [JP15, Lemma 3.2].
6.1. The construction of continua C s. In order to finish the proof of Theorem
A, it remains to construct the family of essential annular continua tC s : s P Ru
satisfying properties (56), (57) and (58).
To do that, let F : TˆA ý be the ρ-centralized skew-product induced by f˜ given
by (44) and where ρ is the irrational number appearing in (2). Since f exhibits small
wandering domains (Definition 2.3) and is periodic point free, by Proposition 2.8
we know that f is Ω-recurrent, and hence, by Theorem 5.5 we know that z P Ωp f q
if and only p0, zˆq P ΩpFq, for every zˆ P pˆi´1pzq.
The main new idea of the proof of Theorem A is given by the following lemma,
which could seem at first glance to be rather technical, but is the core of the method:
Lemma 6.1. There exists an open bounded connected F-invariant subset T Ă
T ˆA such that
(60)
´
T zΓ´s
`
T
˘¯
XΩpFq ‰ H, @s P Rzt0u.
Before proving Lemma 6.1, let us see how the open set T can be used to construct
our family of annular continua tC s : s P Ru.
First, observe that since T is bounded, connected and F-invariant, and intersects
ΩpFq, it holds T “ UFpT q. So, by Theorem 5.6 we know the set AzΓ
´s
`
T
˘
t
has
exactly two unbounded connected components, for every t P T and any s P R.
Hence, we can define the sets
T
s,´
t :“ U
´
´
Γ
´s`
T
˘
t
¯
Ă A, @t P T, @s P R,
i.e. it is the lower unbounded connected component of the set AzΓ´s
`
T
˘
t
. Then
we write
(61) C s :“ BA
`
T
s,´
0
˘
Ă A, @s P R.
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Notice that each C s is an essential annular continuum. Moreover, since F com-
mutes with Γ´1 and Γ´1pt, zq “ pt, z ` 1q, for all pt, zq P T ˆA, then (57) clearly
holds.
In order to prove (58), observe that, since Γ´spT q is F-invariant and F preserves
the ends of the space T ˆA, we get
(62) F
`
ttu ˆT s,´t
˘
“ tTρptqu ˆT
s,´
Tρptq
, @t P T, @s P R,
and on the other hand,
(63) Γ´ρ
`
tTρptqu ˆT
s,´
Tρptq
˘
“ ttuˆT
s`ρ,´
t , @t P T, @s P R.
Putting together (45), (62) and (63) we get
fˆ pC sq “ C s`ρ, @s P R,
and (58) is proven.
So, it remains to prove that the continua tC s : s P Ru given by (61) satisfies
condition (56). To do that, it is important to notice that is enough to show that
(64) C s XC r “ H, @r, s P R, s ‰ r.
In fact, one can easily check that condition (56) follows from (64) and the combi-
natorics of these essential annular continua given by conditions (57), (58) and the
fact that
pr2
`
fˆ n ´ id
˘
n
Ñ ρ, as n Ñ8
uniformly on A, which is a direct consequence of (2).
So, condition (64) is the only remaining step to prove that Theorem A is conse-
quence of Lemma 6.1. To do that, let r be an arbitrary real number and s P p0, 1q.
We will show that C r and C r`s are disjoint. Then, recalling that C r and C r`s are
the boundary of the open set T r,´0 and T
r`s,´
0 , respectively, we consider the open
set
Vˇ :“ Γ´rpT qzΓ´pr`sq
`
T
˘
“ Γ´r
´
T zΓ´s
`
T
˘¯
Ă T ˆA.
Since T and ΩpFq are F-invariant, and by Proposition 5.1 F and Γ commute, we
get that Vˇ is F-invariant, and by Lemma 6.1, it holds Vˇ XΩpFq ‰ H. Moreover,
we claim there exists a connected component V P pi0pVˇq such that
(65) V XΩpFq X
`
t0u ˆA
˘
‰ H.
To prove this, first let V1 be any connected component of Vˇ that intersects ΩpFq.
If pt, zˆq is an arbitrary point of V1 XΩpFq, since F and Γ commute and V1 is open,
there is a positive number ε ą 0 such that
Γ
upt, zˆq P V1 XΩpFq X tt` pipuqu ˆA, @u P p´ε, εq.
Then, since ρ is irrational, there is n P Z such that 0 P Tnρ
`
Bεptq
˘
Ă T; and hence,
V :“ FnpV1q P pi0pVˇq satisfies (65).
Now, recalling we are assuming f is not eventually annular, there are two possi-
ble cases to be considered: either f is a totally irrational pseudo-rotation exhibiting
uniformly bounded rotational deviations (i.e. estimate (27) holds); or f exhibits uni-
formly bounded vertical rotational deviations and unbounded horizontal deviations
(i.e. estimate (24) holds).
In the first case, i.e. when f is a totally irrational pseudo-rotation and (27) holds,
the disjointness of continua C r and C r`s easily follows from Lemma 5.7. In fact, V
is a connected component of an F-invariant set and intersects ΩpFq. So, V “ UFpVq
and by Lemma 5.7 we know that Vt is annular, for every t P T. This implies Vt
separates C r and C r`s.
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The second case, i.e. when f exhibits unbounded horizontal deviations, will follow
as consequence of Lemma 2.14, but it is a little more involved.
Let p0, zˆq be any point belonging to V XΩpFq, and δ ą 0 be a sufficiently small
number such that
(66) B :“
`
Bδp0, zˆq
˘δ,0
“
ď
|u|ăδ
Γ
u
`
Bδp0, zˆq
˘
Ă V.
Without loss of generality we can assume δ ă 1{4. We will show that there exists
i P N and q P Z such that
(67)
`
Γ
´qpBq X FipBq
˘
0
Ă A
is an essential set, and this will prove that C r and C r`s are disjoint. In fact, we
know that B0 X C
r Ă V0 X C
r “ H, and hence, by (57),
`
Γ
´qpBq
˘
0
X TˆqpC
rq “
TˆqpB0q X C
r`q “ H, where B0 denotes the fiber of B Ă T ˆ A over the point
0 P T. Analogously, one can show that
`
Γ
´qpBq
˘
0
XC r`s`q “ H; and since we are
assuming 0 ă s ă 1, we know that B0 XC
r`q “ B0 XC
r`s`q “ H, for any q P Z.
So, condition (67) clearly shows that C r`q XC r`s`q “ H, and by (57), this holds
if and only if C r XC r`s “ H.
So, let us show (67) holds. By the minimality of Tρ : T ý, we know there exists
a natural number N such that for any m P Z, there is i P tm,m ` 1, . . . ,m ` Nu
such that Tiρp0q P Bδ{4p0q Ă T.
On the other hand, if we write z :“ pˆipzˆq, by Theorem 5.5 we know that z P Ωp f q.
Let z˜ be any point in pi´1pzq “ p˜i´1pzˆq. Applying Lemma 2.14 for the open set
Bδ{4pz˜q Ă R
2 and the natural number N given by the above condition, we know
that there is m P N such that for every j P tm,m ` 1, . . . ,m ` Nu, there are
pj, p
1
j, qj P Z with pj ‰ p
1
j and such that f˜
j
`
Bδ{4pz˜q
˘
X Tpp j,qjq
`
Bδ{4pz˜q
˘
‰ H and
f˜ j
`
Bδ{4pz˜q
˘
X Tpp1j,qjq
`
Bδ{4pz˜q
˘
‰ H; or in other words, we get that the open set
Tˆqj
´
p˜i
`
Bδ{4pz˜q
˘¯
Y fˆ j
´
p˜i
`
Bδ{4pz˜q
˘¯
is essential in A, for every j P tm, . . . ,m` Nu.
Then, let i be a natural number such that i P tm, . . . ,m`Nu and Tiρp0q P Bδ{4p0q,
and let us consider the open set
Bˆpiq :“ Tˆqi
´
p˜i
`
Bδ{4pz˜q
˘¯
Y fˆ i
´
p˜i
`
Bδ{4pz˜q
˘¯
“ Tˆqi
`
Bδ{4pzˆq
˘
Y fˆ i
`
Bδ{4pzˆq
˘
Ă A,
since we are assuming δ ă 1{4. We know that Bˆpiq is an essential set and putting
together this with Propositions 5.1 and 5.2, and (66), we conclude that there is an
integer number q such that the set given by (67) is an essential set in A, as we
wanted to prove. Then, (56) is proven.
So, the last step of the proof of Theorem A is
Proof of Lemma 6.1. The proof of this lemma is considerably simpler in the case
that Ωp f q has nonempty interior (e.g. when f is non-wandering) than in the case
where the wandering set is dense in T2.
So, for the sake of simplicity of the exposition let us start proving the lemma
under the assumption that the non-wandering set has nonempty interior. In such
a case, let V Ă Ωp f q be an open, nonempty, lift-bounded and connected set.
Since we are assuming f is periodic point free and exhibits small wandering do-
mains, by Proposition 2.8 we know that f is Ω-recurrent, and thus, by Theorem 5.5
it holds t0uˆ pˆi´1pVq Ă ΩpFq Ă TˆA, where pˆi : A Ñ T2 is the natural covering
map given by (18).
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Let Vˆ be any connected component of pˆi´1pVq Ă A. Since we are assuming V
is lift-bounded, Vˆ is bounded in A as well. Then, we define
(68) T :“ UF
´
Vˆ
1
2 ,0
¯
,
where Vˆ
1
2 ,0 denotes the 1{2-block induced by V and centered at 0 P T given by
(47), and UFp¨q is given by (9). By Theorem 5.6 we know that T is F-invariant,
and by Proposition 5.1 we know that T Ă ΩpFq.
On the other hand, since Vˆ is bounded in A, by Proposition 5.4 T is bounded
in T ˆA as well. This implies that for every s ‰ 0, T zΓ´s
`
T
˘
is nonempty and,
clearly T zΓ´s
`
T
˘
Ă ΩpFq. Hence, Lemma 6.1 is proven under the additional
hypothesis that Ωp f q has nonempty interior.
So, from now on let us suppose the non-wandering set Ωp f q has empty interior.
Let z0 be any point of Ωp f q and zˆ0 an arbitrary point in pˆi
´1pz0q Ă A. Now let
us define the set Vˆ as the wandering completion of the open unit ball B1pzˆ0q Ă A,
i.e. Vˆ is given by
(69) Vˆ :“ B1pzˆ0q Y
ď!
pˆi´1pWq : W P pi0
`
T2zΩp f q
˘
, pˆi´1pWq X B1pzˆ0q ‰ H
)
.
Since f exhibits small wandering domains, Vˆ is open, bounded and connected, and
since z0 P Ωp f q, by Theorem 5.5 we know p0, zˆ0q P ΩpFq X T . Hence, the set
T :“ UF
´
Vˆ
1
2 ,0
¯
is again F-invariant, open and bounded in T ˆA. This implies
T zΓ´s
`
T
˘
‰ H, for every s P Rzt0u.
So, it just remain to prove that the set T zΓ´s
`
T
˘
intersects ΩpFq, for every
s ‰ 0. To do that, let us just consider the case where s ą 0; the other one is
completely analogous.
Now, observe that combining Proposition 2.7, Proposition 5.2 and (69) we know
that each connected component of the open set T XW pFq is a 1{2-block, each of
them is a wandering set for F and their Γ-orbits are two-by-two disjoint. More
precisely, if Wˇ1, Wˇ2, . . . denote the (infinitely many) connected components of T X
W pFq, then for each n ě 1 there exists a unique connected component Wn of W p f q
such that if we choose any connected component Wˆn of the open set pˆi
´1pWnq Ă A,
there is a unique rn P R satisfying
(70) Wˇn “
ď
|u|ă 12
Γ
u`rn
`
t0u ˆ Wˆn
˘
.
On the other hand, by our definition (69) and Theorem 5.5 again, we see that
for each n ě 1, there exists at least a point zˆn P BApWˆnq such that
(71) Γrn`up0, zˆnq P Wˇn XT XΩpFq, @u P p´1{2, 1{2q.
Reasoning by contradiction let us suppose that there exists s ą 0 such that
the open set D :“ T zΓ´s
`
T
˘
does not intersects ΩpFq. This implies, invoking
(70), that D has infinitely many connected components and all of them can be
enumerated as follows:
(72) Dn :“
ď
|u|ă s2
Γ
rn`
1´s
2 `u
`
t0uˆ Wˆn
˘
, @n ě 1,
and D “
Ů
ně1 Dn.
Then, we will construct a subsequence pDnjqjě1 of connected components of D
such that for every M ą 0 there is a j ě 1 with Dnj X T ˆ p´8,´Mq ‰ H,
contradicting the fact that D was a bounded subset of T ˆA.
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To do that, we will define the sequence pDnjqjě1 inductively. Let us start defining
n1 “ 1. By (71) we know that
w1 :“ Γ
r1`
2´s
4 p0, zˆ1q P D1 XT XΩpFq,
but since D and ΩpFq are disjoint, we get that w1 R Dn1 “ D1. So, w1 P Γ
´s
`
T
˘
.
That means that there exists n2 P N such that
dTˆA
`
Γ
spw1q, Wˇn2
˘
ă
1
22
,
and we define
w2 :“ Γ
rn2`
2´s
4 p0, zˆn2q P Dn2 XT XΩpFq.
Inductively, supposing that nk P N and wk P T ˆA has been already defined,
we choose nk`1 P N as any natural number satisfying
(73) dTˆA
`
Γ
spwkq, Wˇnk`1
˘
ă
1
2k`1
,
and then we define
(74) wj`1 :“ Γ
rnk`1`
2´s
4 p0, zˆnk`1q P Dnk`1 XT XΩpFq.
Then, putting together (70), (71), (72), (73) and (74) we conclude that
pr3pwk`1q ď pr3pwkq ´ s` diamWnk`1 `
1
2k
, @k ě 1.
Iterating this last estimate one easily gets
pr3pwk`1q ď pr3pw1q `
kÿ
j“1
`
diamWnj`1 ´ sq `
kÿ
j“1
1
2j
ă pr3pw1q ` 1`
kÿ
j“1
`
diamWnj`1 ´ sq Ñ ´8,
(75)
as k Ñ `8, where the last limit follows from the small wandering domain hypoth-
esis which implies diamWnk Ñ 0, as nk Ñ `8.
Since wk P Dnk Ă D, for every k P N, estimate (75) clearly contradicts the fact
that D was bounded in T ˆA. 
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